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Abstract

Intelligent agents have to be able to merge informational inputs received from different sources in a coherent and rational way.
Several proposals have been made for information merging in which it is possible to encode the preferences of sources
[5,4,19,24,25,1]. Information merging has much in common with social choice theory, which aims to define operations reflecting
the preferences of a society from the individual preferences of the members of the society. Given this connection, frameworks for
information merging should provide satisfactory resolutions of problems raised in social choice theory. We investigate the link
between the merging of epistemic states and some results in social choice theory. This is achieved by providing a consistent set of prop-
erties—akin to those used in Arrow’s theorem [2]—for merging. It is shown that in this framework there is no Arrow-like impossibility
result. By extending this to a consistent framework which includes properties corresponding to the notion of being strategy-proof, we
show that results due to Gibbard and Satterthwaite [13,31,32] and others [6,3] do not hold in merging frameworks.

© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A crucial aspect of commonsense reasoning is the
ability of agents to accept information from multiple
sources and put it together to come up with a composite
picture that can guide further action and deliberation.
Without this ability, most reasoning would quickly
grind to a halt, with agents bewildered by the multiplic-
ity and often, the mutual inconsistency of sources and
the information forthcoming from them. Clearly, intelli-
gent agents employing commonsense reasoning have to
be able to merge inputs received from different sources
in a coherent and rational way. Examples of this need
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already exist in robotics. As robotics moves from
dealing with large complex industrial robots to simpler,
smaller and less sophisticated—Tfast, cheap and out-
of-control'—robots that rely on reduced intricacy in
sensing and control, several problems have acquired sig-
nificance. One of these is the problem of sensory depri-
vation and inconsistent sensory fusion: clearly the issue
of merging of information is important here.

Several proposals for formalisms that incorporate
this ability have been made for the merging of structures
in which it is possible to encode the preferences of
sources. In [5,4] information fusion is described in terms
of possibility distributions [10,37] and the x-framework
developed in [36]. In [24,25], information merging is
described in terms of epistemic states, structures in the
style of [35]. In [1] the combination of preferences is
described in a framework where preferences are
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represented as arbitrary binary relations. In these frame-
works, the notion of what would constitute ‘rational’
merging still remains an open question. Since it has been
pointed out that information merging is similar to the
operations studied in social choice theory—where the
aim is to provide fair and equitable methods for aggre-
gating the preferences of the members of a society to
produce a single relation reflecting the preferences of
society [7,16,23,17,18,22]—it seems that one ‘rationality’
criterion for any proposed framework for information
merging is that it deal satisfactorily with problems raised
in social choice theory.

The formal similarity between the two areas is best
brought out by an example. Consider an agent that is
told by its two sources si,s,, the following items of
information:

e 5;: Stock X will rise tomorrow; stock Y will remain
constant; stock Z will fall (s;’s preferences then, are
X, Y., 2),

e 5,: Stock X will fall tomorrow; stock Y will remain
constant; stock Z will rise (s,’s preferences then, are
Z, Y, X).

The agent’s epistemic task at this stage is to combine
these two expressions of preference into an item of infor-
mation that can guide its further actions i.e., which
stock to purchase. Now consider a social aggregation
operation that is handed the following input from the
two members of society m,m, that express preferences
for social goods (say, a particular taxation profile):

e m;: Option X is highly desirable; option Y is tolera-
ble; option Z is highly undesirable (Source m;’s pref-
erences then, are X, Y, Z);

e m,: Option X is highly undesirable; option Y is toler-
able; option Z is highly desirable (Source m1,’s prefer-
ences then, are Z, Y, X).

The task of the social aggregation operation is to take
the inputs and to convert them into an ordering which
will guide social policy i.e., the choice of which taxation
profile to adopt. The prima facie similarity between the
two scenarios above is obvious; unsurprisingly, so is the
formal framework developed to model them.

The difficulties involved in devising a social aggrega-
tion operation are best illustrated by an example such as
the Condorcet Paradox.’

Suppose that Alice, Brian and Cait, are choosing
between three candidates, Primus, Secunda, and Tertius,
for a job. Alice prefers Primus to Secunda to Tertius.
Brian prefers Secunda to Tertius to Primus. Cait prefers

' Example taken from entry on voting paradoxes at www.xrefer.
com/entry/553842.

Tertius to Primus to Secunda. So a majority prefer Pri-
mus to Secunda, and a majority prefer Secunda to Ter-
tius, and, paradoxically, a majority prefer Tertius to
Primus. So preferences obtained by majority voting
between pairs do not give a coherent ranking. Or, the
outcome depends on the order in which the options
are presented. If the first choice is between Primus and
Secunda then Secunda will be eliminated and Primus
will win when compared with Tertius. But if the first
choice is between Primus and Tertius then Primus will
be eliminated and then Secundus will win when com-
pared with Tertius.

In this paper, we extend the work in [27] to investi-
gate the link between the merging of epistemic states
and some impossibility results in social theory: the
Arrow and Gibbard-Satterthwaite theorems. Arrow
showed that there is no aggregation operation satisfying
certain reasonable postulates [2]. We show that there is
no such Arrow result in merging frameworks when pref-
erences are represented in terms of epistemic states.
Informally, epistemic states assign ranks to the valua-
tions, or possible worlds, of the logic under consider-
ation. We provide a list of properties to be satisfied by
all rational merging operations and prove that the
Arrow postulates, suitably modified to apply to this
framework, can be derived from these properties. We
show that these properties are consistent.

Gibbard [13] and Satterthwaite [31,32] independently
proved that under certain conditions, every reasonable
method to aggregate the preferences of members of a
society is vulnerable to strategic manipulation by the
members of that society. This strategic manipulation is
most relevant in voting scenarios where electors can
misrepresent their actual preference profile so as to
strategically elect their desired candidate. One of the
Gibbard-Satterthwaite conditions on the output of the
aggregation operation, single-valuedness, is quite restric-
tive, but similar impossibility results hold even in its ab-
sence [6,3]. We extend our framework for the merging of
epistemic states by adding properties which disallow var-
ious forms of manipulation. In particular, we propose
properties which force merging operations to be strat-
egy-proof and show that the addition of these properties
results in a consistent extension of the basic framework
for merging.

Why are these connections with social choice theory
worth making? This is an important question since it
is well-known that a move to structures richer than
purely relational objects is a way to circumvent impossi-
bility results [21,9]. We believe the answer to this is two-
fold. At a purely formal level, there is interest in seeing
how the formalisms of belief merging and social aggre-
gation operations are really similar or dissimilar. More
ambitiously, is there anything that the two areas could
learn from each other? While the traffic might seem to
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be all one-way at this point in that social choice theory
has a rich suite of impossibility theorems [15] and aggre-
gation operators which could be of value to the artificial
intelligence community, it is not inconceivable that
techniques—such as representational schemes and do-
main-specific aggregation operators—developed in the
merging area would be of some use to the social choice
theory community. We believe that similar connections
will be made in other areas of common interest to the
two research communities.

We believe the connection goes beyond the merely
formal, however. At a conceptual level, the provision
of information by sources never takes place in a vac-
uum. The source’s reliability, the context in which the
information is provided, and most importantly, the uses
to which it can be put are important factors in devising a
method for aggregating this information. It makes sense
then, to consider the connections with a formal frame-
work developed by a community that deals with pre-
cisely this problem i.e., a comprehensive theory for
agent interactions should reflect the inputs of work
aimed at formalising aspects of collective decision mak-
ing. Furthermore, while social choice theory is primarily
concerned with the aggregation of preferences, belief
merging, from the angle we look at it, deals with the
question of how to combine plausibility rankings of dif-
ferent sources. While these two questions are not the
same, there is a sufficiently large overlap to justify a
comparison of formalisms developed in the two areas.

Where does strategizing come into all of this? Voting
scenarios can be seen as competitions where agents may
strategize to get their preferences (preferred candidates)
chosen by the aggregation operation. In order for the
operation to be fair, it must be strategy proof. This is
of value in a theory of automated agents since one can
imagine a scenario in which agents have a vested interest
in getting their preferences to show up higher in the
composite preference profile.

As an example, imagine a scenario where a small
group of robots are sent on a reconnaissance mission
on the surface of a remote planet to guide exploration
and mining. The information gathered in this fashion will
be used by a central aggregator robot that is in charge of
collecting the information collected by the discovery ro-
bots to come up with a plan for further exploration. If
we assume that these robots are highly autonomous
and—more ambitiously—equipped with some notion of
self-interest, then the task of the central aggregator is to
ensure that no robot is able to misrepresent its actual
preferences to influence further discovery plans (perhaps
the mother spacecraft is owned by a mining consortium
made up of supposedly co-operating units).

In the scenario presented, there is an assumption of
autonomy on the part of the agents. Such an assumption
is apt as artificial intelligence sets itself the goal of
designing highly autonomous agents. Any such study

will be incomplete without the investigation of scenarios
in which agents are viewed as competitive and having
conflicting desires and objectives. Clearly, merging oper-
ations need to deal with the possibility of the misrepre-
sentation of beliefs to strategically influence the
behavior of the composite system. In our robot example,
imagine a situation in which the robots could have a
vested interest in investigating a particular portion of
the planet as opposed to another. The mechanisms that
we describe in this paper are designed to take care of
these sorts of scenarios. The connections then, between
social theory and the formalisms for artificial intelli-
gence, are timely and important at both the formal
and conceptual levels. Most fundamentally, if we view
the pooling or merging of epistemic resources as guiding
the future actions of a group of agents then the compar-
ison with social choice theory is especially appropriate.

The format of the paper is as follows. In Section 2, we
lay the foundation for the discussion to follow by defin-
ing epistemic states, lists and merging operations. In
Section 3, we then provide a description of our frame-
work via a presentation of some basic merging opera-
tions and their properties. In Section 4, we move on to
describe the connections with social choice theory and
voting procedures, pointing out the points of similarity
and departure. Section 5 is devoted to a discussion of
strategy-proof merging including a development of the
abstract distance measures that play a crucial role in
our framework. We conclude with some comments on
the connections we have drawn in this study and provide
some pointers to future work.

A brief note on our notation. We assume a finitely
generated propositional language L closed under the
usual propositional connectives and equipped with a
classical model-theoretic semantics; the constants T, L
are in L. V is the set of valuations of L and M(«) is
the set of models of o € L. Classical entailment is de-
noted by . The set of natural numbers is denoted by
N. For ie N, we let #(i)=1{0,...,i} and #7(i) =
{1,...,i}. A preorder is a reflexive, transitive relation.
A binary relation R on a set X is connected iff, for every
X,y € X, either xRy or yRx; a total preorder is a con-
nected preorder. Examples involving valuations are
phrased in the language with two atoms, p and ¢. Valu-
ations are represented as sequences of 0Os and 1s repre-
senting falsity and truth, respectively: the first digit
represents the truth value of p and the second one the
truth value of g¢.

2. Epistemic states, lists and merging operations

We operate under the assumption that from the epi-
stemic state of an agent the preferences of its sources
can be represented as plausibility rankings of natural
numbers on the valuations of L; the lower the number
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assigned to a valuation, the more plausible it is deemed
to be. This framework is similar to work originally pro-
posed by Spohn [35] and was used in [24,25] to define
merging. Epistemic states are very similar to possibility
distributions [10] and the x-framework [35,36]; it is rela-
tively easy to translate between these frameworks. Our
intention is for the ranks assigned to valuations to serve
as markers in order to define a notion of relative distance
between valuations, and nothing more. The reason for
using it in this way is to avoid, to some extent, the prob-
lem of having to justify a particular assignment of num-
bers. At the same time it allows us to express the strength
with which preferences are held; something that cannot
be achieved with orderings on valuations. For example,
in an epistemic state it is possible to express the informa-
tion that I prefer u to v more than I prefer v to w.

Definition 1. An epistemic state @ is a (total) function
from V to N.

It is possible to extract a consistent classical knowl-
edge base from an epistemic state @ by considering only
those valuations with the best level of plausibility as-
signed to them. Let M(®) = {vc V|®(v) =i} and let
min(®) = min{®P(v)|v € V}.

Definition 2. A formula ¢ € L is said to be a knowledge
base extracted from @ iff M(¢p) = M™™P)(p).

Following [14], a knowledge base ¢ represents the set
of iffs entailed by ¢. Observe that the knowledge bases
extracted from @ are all logically equivalent. We will of-
ten abuse notation by using B(®) to refer to the knowl-
edge base extracted from @. The intention is that B(®) is
some canonical representative of all the knowledge bases
extracted from ¢. By extracting knowledge from an epi-
stemic state in this way we ensure that B(®) will always
be satisfiable, even though it may be the case that no val-
uation has a rank of 0 associated with it. This is in line
with our informal interpretation of the natural numbers
assigned to valuations; the choice of having 0 as the best
plausibility rank which can be assigned to a valuation is
purely a convenience.

Formally, we view merging as an operation in which
the preferences of a sequence of sources, in the form of
epistemic states, are combined to provide a new episte-
mic state representing the merged preferences of the
sources. It is not sufficient to use finite sets of epistemic
states, since different sources may have identical prefer-
ences, and the presence of more than one instance of an
epistemic state may have a significant impact on the way
in which merging is conducted.

Definition 3. An epistemic list E is a finite non-empty
list, or sequence, of epistemic states. We let |E| denote
the length of E.

Fig. 1. A pictorial representation of an epistemic list containing two
epistemic states @; and @,. The sequence of two digits in each cell
above indicates the natural numbers associated with valuations by the
two epistemic states. A cell containing the sequence Jj indicates the
placement of those valuations assigned the value i by @, and assigned
the value j by @,.

It is instructive to view an epistemic list pictorially as
in Fig. 1. While such a pictorial view is only useful in
representing epistemic lists containing two elements, it
serves as a good foundation for understanding the prin-
ciples underlying the merging of epistemic states in
general.

In order for merging to be carried out at all it is crucial
to make an assumption of commensurability: that all
sources employ the same scale when they rank valua-
tions. In practice this can be achieved by obtaining a
worst level of plausibility P commonly agreed upon by
all sources. Such a commitment in our formalism does
not mean that any of the sources has to rank at least
one valuation at P. It simply means that this is the worst
level of plausibility that a source would ever consider
attributing to any valuation. An agreement to use a par-
ticular worst level of plausibility means that all sources
agree on a fixed level of granularity. That is, all agents
are required to have the same worst level of plausibility.
Such an approach is not without its own difficulties. It is
reasonable to require that such a commonly agreed upon
worst level of plausibility be no less than the worst level
of plausibility initially assigned by individual sources.
However, difficulties arise in deciding precisely how the
diverse scales of plausibility are to be mapped on to a
common scale. For example, suppose source 4 uses 1
as its worst level of plausibility and source B uses 2. A
common level of granularity is then obtained by taking
P to be at least two. Now suppose that we set P =5, in
order to ensure that the total number of ranks in the
original two epistemic states are distributed evenly and
equally to accomodate the variances in granularity.
Suppose further that source B had a valuation ranked
at 1, initially. In the new epistemic state, where P =5,
everything initially ranked at 1 by source B now
have to be ranked at either rank 2 or rank 3. But which
one? We can force it to choose, but it might not have en-
ough information available to make an informed
decision.
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Definition 4. An epistemic state @ is P-capped, where
P € N, iff @(v) < P forevery v € V. An epistemic list E'is
P-capped iff every epistemic state in E is P-capped. The
set of all P-capped epistemic lists is denoted by &”. The
set of all epistemic states is denoted by &*.

The following figure pictorially depicts a seven-
capped epistemic state. Note that no valuation is as-
signed a rank of 0 in this example, but three are assessed
as the most plausible (the ones receiving the lowest as-
signed rank of 1). Note also that no valuation has a rank
of 7.

7

6

° ° 5

4

[ 3

) 2

° ° ° 1
0

This brings us to the formal definition of merging.

Definition 5. A P-capped merging operation A is a
function from &° to £,

P-capped merging does not necessarily yield P-
capped epistemic states. In some cases, attempts to
merge the information contained in an epistemic list
may increase the granularity level of information con-
tained in the resulting epistemic state. This is expected
since an increase in granularity indicates more informa-
tion available to the agent enabling a more fine-grained
distinction to be made amongst different epistemic pos-
sibilities by the agent. For example, if I am assessing
the chances of different teams in a basketball competi-
tion, I might rank two teams at par, but later, on
receiving more information on player backgrounds, in-
jury records and statistics from television reports and
sports newspapers, rank one higher than the other. It
should be noted though, that a monotonic increase of
granularity is problematic since one would invariably
end up with a linear ordering of valuations. A realistic
account of merging should therefore also include a def-
inition of ‘contraction’ like merging operations in which
the level of granularity can be lowered in response to
merging. This point is easily illustrated by reference
to our previous example: I might have ranked one team
above the other before receiving information that now
forces me to revise my initial assessment and rank the
two teams at the same level. In this case, the revision
of plausibilities has resulted in a decrease in the granu-
larity of my assessments of the team’s chances in the
competition. A development of ‘contraction’ like merg-

ing operations is not our present concern, however, and
we leave that topic aside as one for (interesting) future
research.

Definition 6. For every n > 1, every P-capped merging
operation A is Q-bound for n iff for every P-capped
epistemic list E s.t. |E| =n, A(E) is Q-capped and for
some P-capped epistemic list F s.t. |[F| =n and some
veV, A(F)(v) = Q. Ais Q-bound iff it is Q-bound for n
for every n > 1. A P-capped merging operation which is
Q-bound for n is referred to as (P, Q,n)-capped. Simi-
larly, a P-capped merging operation which is O-bound is
referred to as (P, Q)-capped.

For n > 1, every P-capped merging operation is
(P, Q,n)-capped for some Q, but, as will be seen in Sec-
tion 3.1, need not be (P,Q)-capped for some Q. Q-
boundedness should be understood as the new increased
level of granularity obtained after merging has been
conducted.

3. Basic merging

We are now in a position to provide some basic prop-
erties with which all P-capped merging operations ought
to comply. Our claim is not that these properties define
merging. Indeed, in Section 5 we consider more desir-
able properties for merging which cannot be derived
from (A0O) to (A6). For the remainder of the paper we
follow the convention that an epistemic list £ has the
form [®y, ..., ®g] and that an epistemic list F has the
form [y, ..., ¥|q]. In the list given below v,w denote
arbitrary members of V, the set of valuations:

(80) A(E)(v) > min{@,()i € .5 (E])};

(A1) If |E| = |F| and if Vi € F7(|E|) ®{v) = P(v), then
ACE)(v) = A(F)(v);

(A2) Vn = 1, if A is Q-bound for n, then Vg € #(Q)
there is an £ € & and a v € V s.t. A(E)(v) = ¢;

(A3) If there is a bijection = : .# " (|E|) — #*(|F|) such
that @, = ¥, Vi € J7(|E|), then A(E) = A(F);

(Ad) I @,(v) < @,(w) Vie SH(E|), then A(E)v) <
ACE)(w);

(AS) If A(E)(v) < A(E)(w), then @(v) < ®{(w) for some
i€ S(E|);

(A6) If  &;(v) = ®;(v) Vi,j € IT(IE|), D:i(v) < Pi(w)
Vie JS7(E]), and @(v) <P (w) for some
j € 5 (E]), then A(E)v) < AGE)(w).

These properties need some explanation and motivation.
(A0) requires that the rank assigned to a valuation after
merging be no less (that is, no better) than the smallest
(best) rank assigned to this valuation by any of the
sources. This requirement can be justified by observing
that there is no reason for an agent to regard a valuation
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as more plausible than suggested by any of its sources,
even if all sources agree on the level of plausibility. That
is, after merging a valuation should be seen as no more
plausible than judged by the individual sources. (Al)
states that the rank that A assigns to a valuation v is
independent of the ranks assigned to any of the other
valuations. This is similar in spirit to the property in
social choice theory known as the Independence of Irrel-
evant Alternatives [2] and is intended to capture a similar
intuition. This issue will be discussed in more detail in
Section 4. The adoption of (Al) enables us to define
merging in terms of aggregation functions on the natural
numbers, i.e., as an operation on sequences of natural
numbers. Let seq” = {s|s=s1,...,5, where n = 1 and
si € J(P)Vie I (n)}. For s¢€seq” we denote the
length of s by |s|. The following proposition follows
directly from (Al).

Proposition 1. Let A be a P-capped merging operation
satisfying (Al). Then there is a function J :seq” — N
such that, Yve V VE € &7, Vs € seq”, if |s| = |E| and
s;i = @;(v) Vi € IH(|E|), then 6(s) = A(E)(v).

Merging operations on sequences thus have an indirect
connection with the merging of epistemic states and it is
only with the adoption of a property such as (Al) that
this connection can be made explicit. This is in contrast
with other approaches in the literature, such as that of
[5,4], in which merging is defined directly in terms of se-
quences. We choose not to follow such an approach since
the adoption of a propositional logic framework allows
us to, first, compare our formalism for merging with
other approaches such as [5,4,19,24,25,1] and secondly,
so as to make explicit the assumption (A1), which would
otherwise have been impossible.

(A2) is a convexity assumption. It ensures that for a
merging operation bound by Q for n, no rank from 0
to Q remains unused for epistemic lists of length n. That
this is a useful property can be seen by the fact that the
ranks that are unused by an epistemic state are not use-
less and will be utilized in the epistemic state resulting
from the merger of some epistemic list. If we did not
have such a convexity assumption underlying merging,
we would be in the position of having some ranks, for
no special reason lying unused, thus assigning some spe-
cial status to them not assigned to others.

(A3) ensures that the order in which epistemic states
occur in an epistemic list does not affect the outcome
of merging. In [24,25] this property was referred to as
commutativity and in social choice theory it is known
as anonymity [15]. (A3) rules out any notion of priori-
tized merging in which some sources are seen to be more
important, or trustworthy, than others. This does not
mean that we deem prioritized merging to be undesir-
able, but rather that prioritized merging depends on
the existence of rational merging operations in which

all sources are equally reliable. Indeed, in [26] it is shown
that there is a unique method of lifting non-prioritized
merging operations into a prioritized setting. The adop-
tion of (A3) means that it would be possible to define
merging operations which receive inputs in the form of
multisets or bags, instead of lists, of epistemic states. It
is our position, however, that such assumptions should
be made explicit, in the form of properties, instead of
being encoded indirectly in the representational
formalism.

(A4) states that if all epistemic states in £ agree that u
is at least as plausible as v, then so should the resulting
epistemic state. In the context of social choice theory,
this is referred to as the weak Pareto principle.

(AS) expects justification for regarding a valuation u
as at least as plausible as v after merging has taken place:
there has to be at least one epistemic state in £ which re-
gards u as at least as plausible as v. (AS) is a restatement
of the Pareto Principle (in its contrapositive form), one
of the properties used to establish Arrow’s impossibility
theorem in social choice theory [2].

The intuitions associated with (A6) have been dis-
cussed in [24,25]: in merging of knowledge bases, one
of the basic properties is that if the knowledge bases
to be merged are consistent then the merging is simply
the conjunction of the knowledge bases. (This can be
seen as an application of the methodological principle
of minimal change of belief revision.) (A6) is a general-
isation of this principle for epistemic states. A knowl-
edge base ¢ is a crude epistemic state in that the
models of ¢ are deemed to be strictly more plausible
than its countermodels. Semantically, the conjunction
of the knowledge bases amounts to the requirement that
those valuations judged to be the most plausible by all
knowledge bases have to be strictly more plausible than
any other valuation. In the same vein (A6) says that
whenever all of the epistemic states in £ agree on the le-
vel of plausibility of a particular interpretation u then, in
the epistemic state obtained from a combination opera-
tion, u should be strictly more plausible than other val-
uations for which this unanimity does not hold. In this
case, the lack of unanimity about a valuation v amounts
to every epistemic state regarding v to be at most as
plausible as u, but less plausible than u by at least one
of the epistemic states.”

A possible additional property to consider is the
following:

(Invariance) A([®, ..., P]) = @

It turns out that, although (Invariance) might be a
desirable property for certain subclasses of merging
operations, such as arbitration [25], it is invalidated by

2 Observe that dropping the first condition in the antecedent of (A6)
is not feasible since the resulting property would be invalidated by
reasonable merging operations such as Apn.
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some intuitively desirable operations, such as Ay, which
we consider in the next section.

The following useful properties follow easily from the
above properties.

Proposition 2. Let A be a P-capped merging operation

satisfying (AO).

(1) If A is Q-bound for n then Q > P.

(2) If A satisfies (A1) and (A6), and Ji, j, € I (|E]) s.t.
D(v) # P(v), then A(E)(v) > min{®;(v)|i €
JH(ED}

Part (1) of Proposition 2 shows that the granularity
level of information grows monotonically with merging,
while part (2) provides lower bounds on the ranks as-
signed to valuations after merging. These results are
consistent with the intuitions that

e An increase in information provided by sources leads
to an increase in the level of granularity of the merged
epistemic state.

e The increase in plausibility of valuations is bounded
in some ‘rational’ sense.

For the latter, it is clear that merging operations
which bring about unmotivated increases in the plausi-
bility of certain valuations, such as a valuation being
more plausible than judged by all of the individual
sources, are unlikely to be judged ‘rational’.

3.1. Constructing merging operations

In this section we briefly consider some methods
for constructing merging operations on epistemic
states. This is not an exhaustive survey of merging
operations found in the literature. We merely show
that there are constructions which satisfy (A0)—(A6).
We consider the following merging operations (as be-
fore v denotes an arbitrary member of V, the set of
valuations):

(1) Awas(E)(0) = max{®,(0)li € 7 (E])}:
20, (v) if ®,(v) = B,(v) Vi,j € IH(E]),
(2) Aminl(E)(U) - {Zmin{dli,-(v)h c J+(|E|)} +J1 OthCI‘WiSC;
_J &(v) if &;(v) = D;(v) Vi, j € IT(|E]),
(3) AminZ(E)(v) = {min{(b[(u)he f+(|E‘)} +j1 otherwise;

4) As(E)(v) = Zie.ﬁ(\E\)(pi(U)-

These operations have been proposed and discussed
in [16,5,4,24,25,28], amongst others. Observe that A,
and Ao are (P, P)-capped, Anin is (P,2P)-capped,
but that Ay is not (P, Q)-capped for any Q. We do know,
however, that Ay is (P,nP,n)-capped for every n > 1.

Amin1 may be thought of as a credulous merging oper-
ation. Its construction is as follows. Identify the valua-

tions, if any, for which there is total agreement among
all epistemic states about them being the most plausible,
and take these to be the most plausible in the epistemic
state resulting from the merging operation. The valua-
tions on the next level of plausibility are obtained by
considering all valuations which are deemed to be most
plausible by at least one epistemic state. For the next le-
vel of plausibility we move to the valuations on which
there is total agreement about them being the second
most plausible set of valuations, followed by those valu-
ations which are regarded as the second most plausible
by at least one epistemic state. The process described
above is repeated until all levels of plausibility for all
the epistemic states have been catered for. At the heart
of Ain» are three principles:

(1) The strong Pareto principle, which says that if all
sources agree that valuation u is strictly better than
v then the merging operation should rank u strictly
better than v.

(2) When two sequences of natural numbers have the
same minimum then the one in which there is total
agreement is assigned a strictly better rank.

(3) Every interpretation is assigned the lowest possible
value that can be assigned.

Aninz 1s the most credulous merging operation al-
lowed by (A0)-(A6): it assigns valuations the best levels
of plausibility allowed by these postulates. To see why,
observe that (Ag) requires the value assigned to a valua-
tion v to be no lower than the minimum value assigned
to v by any of the sources. If all sources agree on the
value assigned to v, then A.;,, assigns this minimum
value to it. Furthermore, (A¢) demands that the value
assigned to a valuation w on which all sources are not
in agreement, should be higher than the value assigned
to a valuation v for which all sources are in agreement,
as long as all sources agree that w is no better than v. So
whenever all sources are not in agreement about w, the
value assigned to w has to be higher than the minimum
value assigned to w by any of the sources. A;,» assigns
to w the smallest value that is still bigger than this
minimum.

Amax assigns levels of plausibility by looking at the
worst level of plausibility assigned to a valuation by
any of the epistemic states. It represents a skeptical ap-
proach to merging: when confronted with differing
assessments of plausibility of a valuation, pick the one
that requires lesser commitment.

Ay is an appropriate generalisation of an example by
Lin and Mendelzon [20] and was also independently
proposed by Revesz [29] as an example of weighted mod-
el fitting. It obtains the new plausibility ranking of a val-
uation by summing the plausibility rankings given by
the different epistemic states. Ay may be considered a
neutral—neither credulous nor skeptical—merging
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operation. Consider a 2-capped epistemic state and sup-
pose v is ranked with a 0 by source A and a 2 by source
B. Ay assigns 2 to v which might seem to indicate that it
is as skeptical as A .. However, while 2 is the maximum
rank that A, can assign, 2 is about halfway between
the best and the worst rank that Ay can assign for two
sources (the worst rank being 4).

The diagrams in Fig. 2 represent some of the merging
operations studied in this paper. The number in a cell
represents the value assigned to a valuation by the merg-
ing operation. As an example, for A,.,, consider the
cells containing the value 3. These cells contain the val-
uations assigned the value 3 by @, and 0, 1, 2 or 3 by &,
or 3 by &, and 0,1,2 or 3 by &;; the merging operation
assigns them all a 3. For Ay, the cell containing the value
6 at the top, is the cell containing the valuation assigned
3 by both epistemic states, thus explaining the assign-
ment of the value 6. In the illustration below, it is clear
that while the original epistemic states considered the
lowest level of plausibility to be 3, Ay has assigned a
maximum level of 6. This should not be taken as indicat-
ing that the valuation assigned 6 is considered twice as
implausible as the original valuations. Instead, the way
to understand this appropriately is to think of the merg-
ing operation as having enabled a finer grained distinc-
tion amongst valuations. As the following result
shows, the basic set of merging operations meet a base-
line requirement: they satisfy the basic list of properties
taken to be desirable for merging operations.

Proposition 3. A..x, Amini, Amin2 and As all satisfy
(A0)—(A6).

4. Social choice and merging

Social choice theory [2,34] is a research area where the
problems under scrutiny are similar to the problems
encountered in merging. Social choice theory is con-
cerned with the aggregation of preferences. There are
many ways to aggregate individuals preferences to ob-
tain societal ones: convention, established customs, reli-
gious doctrine and so on. Since most of these are not
‘fair’ in being biased towards some members of society,
how would a fair aggregation operation be constructed?
Social choice theory abstracts the most salient require-
ments on the operations and then investigates the possi-
bility of the existence of operations that could meet these
requirements. An individual’s preferences are usually
represented as a total preorder < over a (finite) set of
alternatives Q. For x,y € Q, x < y means that x is at least
as preferred as y. The interest then lies in the description
of an aggregation operation over the preferences of n
individuals, <1, ..., <, which produces a new preference
ordering over Q. The similarities between this formalism
and our framework for the merging of epistemic sets are
obvious. We take Q to be V, the set of permissible valu-
ations, and use the total preorder on V induced by an epi-
stemic state. Observe that such an induced total preorder

Fig. 2. A pictorial representation of four of the merging operations studied in this paper.
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contains less information than the epistemic state from
which it was induced. For example, consider an agent
that assigns a rank of 5 to w, 4 to v and 1 to u. This rank-
ing clearly induces a preorder on valuations that tells us
that an agent ranks « as more likely than v and w as more
implausble than v, but it would not inform us of the fact
that the agent considers v and w as closer to each other in
plausibility than v is to u.

One of the most important results in social choice
theory is Arrow’s impossibility theorem [2] which shows
that there is no aggregation operation satisfying some
intuitively desirable postulates. In this section we show
that there is no Arrow-like result when recast into the
framework of epistemic states. It is not our intention
to show that this affects Arrow-type results in social
choice scenarios. As noted in [33], Arrow-type results
do not hold in social choice scenarions where interper-
sonal comparison of utilities is allowed. Social choice
theorists have often used numerical scales for
association with alternatives, but have attached far more
significance to the numerical scales than we do. In the
social choice context, such approaches are deemed prob-
lematic because of the difficulty in justifying numerical
scales. By adopting the abstract distance measures dis-
cussed in Section 5, we concentrate on what properties
are necessary for such a scale. Our (limited) objective
is to clear the decks for merging operations and
frameworks by showing that there is no need to fear
the absence of ‘rational’ merging operations. Before
presenting the postulates we note that social choice
theorists fix the number of members of a society,
and also assign each a unique index, while we make nei-
ther of these assumptions. This has some subtle effects
on a number of postulates below, such as (IIA) and
(ND).

Arrow’s first postulate, dubbed Restricted Range, re-
quires the result of an aggregation operation to be a to-
tal preorder on Q. Essentially, if a list of preferences is
submitted, then the output should look like one of its
elements. In the context of belief revision this injunction
is referred to as the principle of categorical matching.
[12]. In our framework this translates to the requirement
that a merging operation produce an epistemic state—
something which is built into our definition of merging.
The second Arrow postulate, known as Unrestricted Do-
main, states that one ought to be able to apply the aggre-
gation operation to any n-tuple of total preorders on Q.
Here the requirement is that any possible combination
of preferences should be acceptable as inputs to the
aggregation operation: the a priori rejection of certain
inputs would indicate a biased aggregation operation,
one that automatically rules out certain combinations.
In our framework this translates to the requirement that
merging may be applied to any (P-capped) epistemic
set—again, something that is built into our definition
of merging. The third Arrow postulate, known as the

Pareto Principle, can be phrased as follows for epistemic
sets:

(PP) If  ®,(v) < &;(w) Vi € S*(|E]), then A(E)v)<
A(E) (w).

Note that (PP) is the contrapositive of (A5). The Par-
eto Principle requires that a preference that is held by all
members of the input set should be respected by the
aggregation operation. This is clearly intuitive: it would
be strange if the aggregation operation were to produce
a result that did not reflect the fact that option A was
preferred to option B by all members of the group and
regardless of the position of the other alternatives, this
option should clearly reflect the preferences of the
group.

The fourth Arrow postulate, known as the Indepen-
dence of Irrelevant Alternatives, translates to the follow-
ing postulate:

(IIA) VE,F € 6" s.t. |E| = |F|, ®(v) < ®4w) iff P,(v) <
Y (w) Vi,je sT(|E|) implies that A(E)(v) <
A(E)(w) iff A(F)(v) < A(F)(w).

Formally (ITA) requires that whenever two epistemic
lists agree on the relative ordering of two valuations,
then the merged results should also agree. This captures
the intuition that the relative ordering of the two valua-
tions after merging ought only to be determined by the
relative ordering of these two valuations before merging:
merging may not take into account the relative ordering
of any other valuations; they are deemed to be irrele-
vant. For example, suppose that a particular set of pref-
erences of the electorate leads to a merged result in
which Bush is favoured over Gore. (IIA) requires that
as long as the preferences of the electorate remain un-
changed with respect to these two candidates, the
merged result should still favour Bush over Gore, even
if all members of the electorate now favour Nader over
both Bush and Gore. When considering just Bush and
Gore, Nader is an irrelevant alternative.

Observe though, that (ITA) refers to the relative
ordering of alternatives. In our more structured frame-
work it is possible to make the stronger statement that
the rank of an alternative is independent of the ranks
of other alternatives.

Example 1. Consider valuations v,we V' and let
E= [431,(1)2], F= [IIII’ le] such that 431(1.7) = lIlz(W) =0,
D (w) = Dr(w) = V() = P5(v) = 1, and @»(v) = P1(w) =
2. It is easily verified that @,(v) < @;(w) iff ¥1(v) <
Y1(w) and that &,(v) < O (w) iff Pa(v) < P(w). Now
consider the merging operator A, defined in Section
3.1. It can be verified that A, . (E)(W) = Apax(F)(v) = 1,
and A (E)(0) = Apax(F)(w) = 2. So it is not the case
that Apnax(E)(v) < Amax(E)(w) iff Apax(F)() < Amax(F)
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(w). Apnax therefore does not satisfy (IIA). Observe,
however, that the ranks of v and w are obtained without
reference to any of the other valuations! The rank
assigned to v is even obtained without reference to w,
and that of w is assigned without reference to v. In fact,
it is easy to see that the rank of any valuation obtained
by applying A.x is independent of all other alternatives,
even though A, does not satisfy (IIA).

(A1) then, is an appropriate replacement for (IIA)
since the rank of a valuation after merging has taken
place is determined solely by the ranks assigned to the
valuation by the various sources. The ranks assigned
to other valuations do not play any role in the assign-
ment of a rank during merging. Note that the antecedent
of (Al) is considerably stronger than that of (IIA). As a
result (Al) as a whole is much weaker than (ITA).

The last of the Arrow postulates, known as Non-Dic-
tatorship, states that one source should never be able to
completely dominate. In an epistemic scenario this corre-
sponds to a situation whereby complete and total trust is
not invested in a source to the extent that the source is
able to bring about the disregard of conflicting informa-
tion coming from other sources in any situation. For
commonsense reasoning this clearly corresponds to a
certain healthy skepticism. We can phrase this as follows.

(ND) For afixed n> 1, there is no i € .#"(n) such that,
for every E € &7, such that |E| = n, @(v) < &(w)
implies A(E)(v) < A(E)(w) for every v,w € V.

Note that our version of (ND) fixes the length of the
epistemic lists under consideration, something that is
implicit in social choice theory scenarios.

It is easy to see that (ND) follows from (A3).

Proposition 4. If a merging operation satisfies (A3) then
it will also satisfy (ND).

From the result above and the comments on Arrow
postulates which preceded it, it follows that the modified
Arrow postulates all follow from (A0)-(A6). And since
Proposition 3 shows that there are merging operations
which satisfy (A0)-(A6), we have shown that there is no
Arrow-like impossibility result in this context. It is the
move from the total preorders on V to epistemic states,
which have more structure than mere total preorders,
which makes this possible. Note that the addition of such
structure via an expression of the strength of preferences
is recommended in the social choice literature as a possi-
ble method for circumventing Arrow’s result. In those
contexts, the selection of a suitable unit for commensura-
tion of preferences is a question of much interest. The
definition of epistemic states as functions from the set
of valuations to the natural numbers—which are
capped—solves this problem in merging scenarios.

5. Strategy-proof merging

Strategy-proofness is an idea that has received a great
deal of attention in social choice theory, where it is fre-
quently discussed in the context of elections. Voting the-
ory concerns itself with the same set of problems as does
social choice theory: how to define a voting procedure
that most accurately and fairly represents the preferences
of the population. Other concerns arise as well. Can the
system be manipulated? What happens if new candidates
enter or drop out of contention? Which method most
accurately captures the voters’ true intentions? The aim
then, is to define an election procedure in which a winner
is chosen in such a way that the outcome is immune to
manipulation by voters, or by coalitions of voters. The
first impossibility result related to strategy-proofness is
due to Gibbard [13] and Satterthwaite [31,32]. Given
some basic conditions on the number of available alter-
natives and the size of the electorate, and the (strong)
requirement that an election procedure should produce
a unique winner, their result shows that every election
procedure which is non-dictatorial cannot be strategy-
proof. This result is, perhaps, not particularly surprising.
Consider, for example, the case in which two voters, Jack
and Jill, have to choose between two candidates, Al and
George. If Jack strictly prefers Al to George and Jill
strictly prefers George to Al then there simply is not en-
ough information to declare either Al or George the
unambiguous winner. However, even if the requirement
of producing a unique winner is relaxed it seems that
Gibbard-Satterthwaite type results still hold [6,3].

Our aim in this section is to investigate notions of
strategy-proofness in the context of merging. Requiring
merging operations to be strategy-proof seems as neces-
sary, and as desirable, as it is for election procedures, or
indeed, for aggregation operations in general. Con-
structing strategy proof procedures for merging ensures
the existence of a procedure that lets the agent overcome
misrepresentation of the value of the information pro-
vided by the sources and can be viewed as a form of epi-
stemic safeguarding. The agent is able to repose a
certain amount of trust in its decision making if it can
be assured of the fact that the sources which present it
with information are unable to systematically distort
the final result to suit themselves. Before formalising
the notion of strategy-proofness we consider two prop-
erties that allude to it.

Definition 7. For E,F € &” s.t. |E| =|F|, and for .# C
JH(|E]), we denote by rep(E,.#,F) the epistemic list
obtained by replacing @; with ¥; for every i € .7.

Intuitively rep(E, #,F) produces a modified version
of E in which the sources mentioned in .# have changed
their preferences. That is, rep(E,.#,F) represents the
epistemic list obtained from E when @; (the ith epistemic
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state in FE) is replaced with ¥, (the ith epistemic state in
F) for every i € .#. For example, if E = [®y, D;, P;] and
F= [Tl, l[’z, q’::,], then rep(E,{2,3},F) = [(pla lI’z, q]3] In
the properties (Mon?) and (Mon|) defined, the set .#
in rep(E,.#,F) is the singleton set {i}, from which it
might seem that the notation rep(E, .7, F) is unnecessar-
ily clumsy. However, in some of the properties later in
the section we use this notation with .# being any subset
of Z1(|E]).

(Mon?) if P4v) < ¥{(v)
then A(E)(v) < A(rep(E, {i}, F))(v).

(Mon?) ensures that A exhibits monotonic behaviour.
That is, it states that if a source worsens the rank it as-
signs to a valuation v, A will respond with a rank for v
that is no better than the original. It is easy to show that
(Mon7) is equivalent to the the following property:

(Mon)) if &(v) = Pdv)
then A(E)(v) > A(rep(E, {i},F))(v).

(Mon)) states that if a source improves the rank it as-
signs to a valuation v, A will respond with a rank for v
that is no worse than the original. The class of merging
operations that we consider satisfies (Mon1).?

Proposition 5. If A satisfies (A4) then it also satisfies
(Mon?) (and (Mon))).

This property does not guarantee strategy-proof
behaviour, however, as will be shown in Theorems 1
and 2. For a merging operation to be regarded as strat-
egy-proof it must be the case that there is no incentive
for any source to misrepresent its preferences. To be
more precise, whenever a source provides an accurate
representation of its preferences there should be a guar-
antee that the result of merging will be no less compatible
with its true preferences than if it had misrepresented its
preferences.

5.1. Distance measures

The formalisation of such properties presupposes the
existence of an appropriate measure of compatibility be-
tween epistemic states. Instead of defining one such mea-
sure, our approach will be to define a class of
appropriate compatibility measures, all of which are ob-
tained from the following abstract notion of distance be-
tween epistemic states. Let & be a set of distance objects
and < a partial order on . We assume that & contains
a null element, which we denote by 0, which is a mini-
mum under <.

3 These properties have also been considered in the context of the
ELECTRE methods used in multicriteria decision-making [30].

Definition 8. For any set of epistemic states &, a
function # : & x & — Z is a distance measure on & iff
# satisfies the following properties:

(Ref) #(@,¥)=0iff & =V,

(Sym) #(®, V) = #(V, ).

It is instructive to note that # satisfies the basic pos-
tulates for equidistance, used in [8] to define qualitative
distance. There, equidistance is a four-place relation
E(a,b,c,d) on a set of points, which is read as “point a
is just as far from point b as point ¢ is from point d”.
The basic postulates for equidistance are

(E1) If E(a,a,p,q) then p = g¢;
(E2) E(a,b,b,a);
(E3) If E(a,b,c,d) and E(a,b,e,f) then B(c,d,e,f).

For a discussion of these postulates, see [11, pp. 15-17].
For our purposes we define equidistance as a four-place
relation on the set of epistemic states as follows:
E(®, @5, V1, Vo) iff #(D1, D) = (W4, V).

Proposition 6. The equidistance relation defined on &>
satisfies (E1)-(E3).

The distance measure # helps us define a measure of
compatibility between epistemic states.

Definition 9. Given a distance measure # on a set of
epistemic states &, an epistemic state ¥ is at least as
compatible with @ as 7 is, denoted by ¥ C 47, iff #( 7,
D) < #(T, D).

Clearly every compatibility measure is a preorder.

At present, it is unclear how even a qualitative dis-
tance between epistemic states of differing granulari-
ties can be defined. Section 6 presents some ideas
on this matter. Because of this we consider distance
measures defined on P-capped epistemic states only.
The restriction to distances measure on elements of
&" permits us to consider some more desirable
properties:

(UB) If |@(v) — Y(v)| < |®(v) — T'(v)| for every ve V
then #(®, V) X #(9,7).

(SUB) For WV, if |@(w)— P(w)| <|®(w)—T(w)|
for every we W and ®(v) = ¥Y(v) =T (v) for
every v € V\W then #(@, V) < #(P,7).

(LB) If #(®,¥) < #(®,7) then ) _,|®(v) — ¥(v)| <
S [ 0(0) = 7).

(SLB) If #(®,%) < #(®,7) then > _,|P(v) — P(v)| <
e |0(0) - T(0)]

The crucial point for our framework is that we use

distances between any pair of objects that satisfy some
basic properties. Recall that the numeric ranks assigned
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to valuations are markers with the natural numbers used
for convenience.

(UB) says that an epistemic state @ is more compatible
with an epistemic state ¥ than an epistemic state 7" if the
difference between the ranks assigned to all valuations by
@ and Y respectively is less than that assigned by & and
T. Note that this property requires us to ignore distances
between valuations in a particular epistemic state and to
concentrate on distances across epistemic states. (SUB) is
a strict version of (UB); it insists that differences between
the ranks assigned to a particular set of valuations by @
and ¥, respectively, be strictly less than that assigned by
@ and T; for the remaining valuations, it insists that the
three epstemic states agree on their rankings. (LB) is the
converse of (UB); if ¥ is judged to be at least as compat-
ible with @ as 7" is, then the sum of the distances between
® and 7T is at least as great as that between @ and V.
(SLB) is its corresponding strict version. These proper-
ties set limits for distance measures based on the internal
structures of the epistemic states under consideration. To
see why, consider the following two distance measures.

Definition 10

(1) Consider the distance measure #™" on all P-capped
epistemic states for which 2 = N, the null element is
0, < is the normal linear order on natural numbers,
and £7" (@, %) = ¥, |6(0) - ¥(0).

(2) Let 2 be the set of all sequences of natural numbers
of length |V], and let the null element be the
sequence consisting of | V] zeros. For any two such
sequences sy, ...,Sy and #y,...,7y, we say that
Sty oS St ety AT s <t for every
i€ 97(|V]). We assume that there is an enumera-

tion wvy,vy,...,0 of the elements of V. Now
let HPN(D, ) = |D(v1) — P (1), -, |P()1) —
lP(UW|)|.

Observe that #7%* is the Pareto order and that some
of the results to follow rely on its well-known properties.

Proposition 7. #™" and #™ both satisfy (Ref), (Sym),
(UB), (SUB), (LB) and (SLB).

Note next that #™* is the strongest of the distance
measures satisfying these properties, and #™" is the
weakest.

Proposition 8. Let # be a distance measure satisfying
(UB) and (LB).

(1) If #™X(®, W) < #™X(D,T) then #(d, V) < #(&,7).
Q) IF#(D, ) < #(D,T) then #™™(®, V) < #™(d, 7).

Now consider the compatibility measures between P-
capped epistemic states obtained from these two dis-
tance measures.

Definition 11. ;mi“‘ is the compatibility measure
obtained from #™" and C™ is the compatibility
measure obtained from #M0 de. PP Y f #T
(P, &) < #™"(Y,0) and PCUXT ff #N(P, @) <
HX(T P,

Observe that C™" is a total preorder but that T™** is
just a preorder.

It turns out that E™* is the strongest form of com-
patibility allowed by the properties above, and C™" is
the weakest. For ease of readibility we refer to compat-
ibility measures as satisfying (Ref), (Sym), (UB) or
(LB) when it is actually the distance measures used to
obtain the compatibility measures that satisfy these
properties.

Corollary 1. Suppose T is a compatibility measure sat-
isfying (Ref), (Sym), (UB) and (LB).

(1) If Y5 V¥ then YT 5 9.

() If T Co ¥ then Y L3 .

The proof is immediate from Proposition 8.

A possible objection to our framework may be for-
mulated and responded to as follows. Consider three
epistemic states @, ¥ and 7" which differ only on the
values assigned to valuations v and w, and for which
d(v)=0 and d(w)=1, PYw)=3, Yw)=2, Y(v)=3
and 7 (w) = 4. It is easy to check that the compatibility
measures we allow will all consider ¥ to be more com-
patible with @ than 7 is with ¢. But note that ¢ and
T have the same ordering of v and w, whereas in ¥
the ordering of these valuations is reversed. However,
this apparently anomalous situation can be resolved
by an appeal to the spirit of the property of Indepen-
dence of Irrelevant Alternatives, since it compels us to
ignore the distance between distinct valuations present
in an epistemic state when determining the compatibil-
ity of that epistemic state with others. It is our
contention that the removal of this apparent anomaly
would require us to dispense with properties such as
(A1) which try and enforce the spirit of the Indepen-
dence of Irrelevant Alternatives in the merging
framework.

5.2. Strategy-proof merging operators

We are now in a position to consider properties of
merging operations requiring various versions of strat-
egy-proofness. The first one we consider is intended to
ensure that individual sources cannot gain anything by
misrepresenting their preferences.

(ISP) VE,F,G € & s.t. |E| = |F| and G = rep(E, {i}, F),
A(E) Co, A(G).
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(ISP) requires of A(E) to be at least as compatible
with the preferences of source i than A(G) is, where E
is the epistemic list in which 7/’s preferences are repre-
sented accurately and G is obtained from E by i misrep-
resenting its preferences in some way. Given these
properties a rational source will realise that is in its
own interests to represent its preferences accurately.

In addition to misrepresenting its preferences, it is
conceivable that a source may stand to benefit by com-
pletely abstaining from providing information. To con-
sider our robot example again, take the case of a robot
that simply refuses to confirm the investigations of other
discovery robots. Such a lack of confirmation by absten-
tion can affect the decision of the central aggregator (if
say, it were employing some form of a majoritarian
aggregation operator). Our goal is to define merging in
such a way that it would be in the interest of every source
to actually provide the required information, and not to
omit any relevant information it may have.

Definition 12. For E € &” and for some .# C .7 (|E|)
we denote by rem(E,.#) the epistemic list obtained by
removing ®; from E for every i € #7(|E|). Intuitively,
rem(E, .#) produces a modified version of E in which the
sources mentioned in .# abstain from providing
information.

For example, if E=[®, ®,, ®3] then rem(E,{1,3}) =
[P-].

The following property ensures that it is in the inter-
ests of a source to supply all the information it has at its
disposal.

(IAP) VE,G € 6" s.t. G=rem(E, {i}), A(E) C4, A(G).

(IAP) requires of A(E) to be at least as compatible
with the preferences of source i as A(G), where G is ob-
tained from E by removing the information supplied by
source 1.

Recall from Section 3.1 that A, and A,;,» are the
only two (P, P)-capped merging operations we consider
in this paper. As such, they are the only two merging
operations which can be tested for strategy-proofness.
The following result shows that A, is both strategy-
proof and abstention-proof for any of the distance mea-
sures we regard as reasonable.

Theorem 1. Consider any compatibility measure C satis-
fying (Ref), (Sym), (UB) and (LB).

(1) Anax satisfies (ISP) and (IAP).

(2) A, satisfies (IAP) but does not satisfy (ISP).

Together, (ISP) and (IAP) thus ensure that when A,
is applied, a source will provide its beliefs, all its beliefs,
and nothing but its beliefs. Part 1 of Theorem 1 shows

that Gibbard-Satterthwaite style results do not hold in
merging frameworks: in the context of epistemic states,
it is possible to define rational merging operations which
are immune to strategic manipulation or abstention by
single sources.

5.3. Codalitions and coalition-proof merging

(ISP) defines strategy-proofness only relative to single
sources and does not exclude the possibility of groups of
sources, or coalitions, misrepresenting their preferences
in such a way that the group as a whole benefits. The no-
tion of benefit in an epistemic scenario is best explicated
by reference to our example of the exploring robots.
Consider a group amongst them that is interested in par-
ticular valuations being given preference by the central
aggregator since this would allow a particular area of
the planet surface to be explored further rather than
ones they are not interested in. Such a group would be
a coalition if some deliberate misrepresentation of their
preferences resulted in an outcome which matches their
true preferences more closely than if they had truthfully
conveyed their preferences. In our example, we can
imagine such a coalition forming as follows. There are
three areas to be explored—JX, Y,Z—Dby nine sources
of information. A coalition of three members—s,, s,
ss—would prefer that Z be explored first, followed by
Y and X, that is their preference profile is (Z, Y, X). As-
sume now that the aggregator employs a majority based
scheme for aggregating information. If the coalition is
aware of the fact that four members—s;, s, $7, So—
have the profile (X, Y,Z) and other two members—ss,
sgs—have the profile (Y, X, Z) then if the coalition were
to represent its choices truthfully, it would see that its
least desired item X would be the one picked. If, how-
ever, it represented its profile strategically then it would
make sense for it to change its profile to Y, Z, X in order
to ensure that X does not get ranked first and instead
that Y gets picked by the aggregator.

We denote a coalition of sources by their indices. The
following coalition-proof property is intended to exclude
the possibility of forming coalitions. It ensures that the
coalition as a whole cannot benefit from its members
misrepresenting their preferences.

(CP) V. C #7(|E|), VE,F,G € &" such that |E|=|F|
and G =rep(E, s, F), it is not the case that
A(G) By, A(E) for all i€ ./ and A(G) Cy, A(E)
for some j € ..

(CP) ensures that there is no group of sources which
can misrepresent their preferences in such a way that no
one of them is disadvantaged by it and at least one gains
from it. As a result, the coalition as a whole cannot ben-
efit from such a representation.
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Observe that (CP) does not imply (ISP). If we restrict
4 in (CP) to singleton sets we obtain the following

property.

(ICP) Vie s*(|E|), and VE,F,Ge & such that
|E| = |F| and G = rep(E, {i}, F), A(G) 4,A(E).

But observe that T, need not be a total preorder,
and so A(G)/4A(E) does not necessarily mean that
A(E) %4, A(G). Indeed, (ICP) includes the possibility
that A(E) Z, A(G) and A(G) Z4, A(E).

The option of abstention is open to coalitions of
sources as well. For groups of sources the analogy with
the epistemic counterpart in the robot’s example is easily
extended: consider a group of robots that decide to-
gether to refuse to report their findings. The following
abstention-proof property is intended to exclude the
possibility of the abstention of a coalition for the benefit
of the coalition as a whole.

(AP) V.4 C J(|E|), VE,Geé” such that G=
rem(E,.#), it is not the case that A(G) C,,
A(E) for all i € .# and A(G) Cq, A(E) for some
JES.

(AP) ensures that there is no group of sources which
can abstain from providing information, and by doing
so ensure that no one of them is disadvantaged by it
and at least one gains from it. As a result, the coalition
as a whole cannot benefit from abstaining. Observe
that (AP) does not imply (IAP). As is the case with
(CP) and (ISP), this is because T4, need not be a total
preorder.

By providing a property which combines the require-
ment of being coalition-proof and abstention-proof with
regard to groups of sources, we arrive at a general defi-
nition of strategy-proofness.

Definition 13. Consider groups of sources .4, ¢ C
JH(E]) such that ¢ C.#, and let # =9\ ¢.
For Fecé” st |E|=|F we let tr(E, #,F, %)=
rem(rep(E, #,F), X").

That is, rr(E, #,F, %) is the result obtained by first
replacing @; in E with ¥, for every j€ # and then
removing @, from the modified E for every k € A .
For example, for E =[P, D>, @3,P4] and F=[¥, ¥V,
'IU% l1”4]7 rr(E,{Z},F,{1,4}) = ['{12’ 433]

The property (SP) below requires a merging opera-
tion to be strategy-proof: both coalition-proof and
abstention-proof.

(SP) Vs, # C J7(|E|) such that ¢ C .4, VE,F,G €
& such that |E|=|F| and G = (rr(E, .7, F,
J\ #), it is not the case that A(G)Cg4, A(E)
for all i€ and A(G)Cq, A(E) for some
jes.

(SP) ensures that there can be no coalition of
sources which misrepresent beliefs or refuse to provide
information, and in doing so ensure that no member
of the coalition is worse off, while at least one mem-
ber j of the coalition benefits from this arrangement.
(SP) ensures that there is no incentive for sources to
present anything other than their true preferences,
individually or in groups. Clearly (SP) implies both
(CP) and (AP). It can be shown that when the dis-
tance measure #7°* is used, An.x IS strategy-proof in
this sense.

Theorem 2. Consider the compatibility measure &%,

(1) Amax satisfies (SP) and therefore also (CP), (AP) and
(ICP).

(2) Aminz satisfies (AP). It does not satisfy (ICP), and
therefore satisfies neither (CP) or (SP).

These results show that when the distance measure
#7% is employed, Apax IS immune to manipulation
and abstention from coalitions of sources as well. In
addition, the fact that some strategy-proof properties
are not satisfied by A.in» shows that these properties
cannot be derived from the basic properties for merg-
ing and that their addition constitutes a strict extension
of (A0)—(A6). The design of epistemic merging opera-
tions that satisfy these properties should be useful in
fully illustrating the intuitions behind the postulates.
That is, we expect that once specific constructions have
been arrived at that satisfy these properties, the episte-
mic behavior they describe will further clarify the
requirements placed on merging operations by the
postulates.

6. Conclusion

In this paper we have drawn connections between
information merging and social choice theory and
shown that Arrow’s impossibility result and versions
of the Gibbard-Satterthwaite theorem disappear when
the representation of preferences is recast in terms of
epistemic states. We started by considering a list of
desirable properties for merging with no judgement
made on whether these constituted any sort of canonical
list. We then selected a class of merging operations and
showed that they satisfied our initial list of properties.
Once we reformulated the Arrow postulates for the epi-
stemic case, we were able to show that the merging oper-
ations defined by us do enable a joint satisfaction of the
postulates. Moving on to voting scenarios, we formal-
ized concepts in the epistemic case which are the coun-
terparts of those in voting, such as strategizing and
coalition formation. We then showed that additional
properties for merging would reflect the presence of
these intuitions and showed that one of the merging
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operations defined satisfied our combined list of
properties.

The results described here need to be elaborated
upon, though. In Section 5 the focus was on the special
case of (P, P)-capped merging operations since measures
of compatibility between P-capped epistemic states are
then easily obtained. In the general case, however, where
we are dealing with a (P, Q)-capped merging operation,
we are faced with the problem of comparing epistemic
states with different levels of granularity. For example,
Anin1 defined in Section 3.1 is a (P, 2 - P)-capped merg-
ing operation, making it necessary to define an appro-
priate way of comparing P-capped epistemic states
with 2 - P-capped ones. Currently it is unclear how to
do so. One possible way to deal with this issue is to pro-
vide an appropriate method for mapping epistemic
states with a high granularity level into epistemic states
with the appropriate lower level of granularity. Such a
mapping can be seen as a way to “convert’” a Q-capped
epistemic state to a P-capped one, thus making it possi-
ble to compare the two epistemic states. A mapping of
this kind is depicted pictorially below. For example,
for Aphin1 We need a suitable method for mapping the ele-
ments of .#(2 - P) to #(P). In this case the appropriate
mapping seems to be the function p : #(2-P) — J(P)
such that p(i) = [i/2] (where [i/2] denotes the smallest
integer which is no smaller than i/2). However, it is
not clear how to determine which mappings are appro-
priate in the general case. At present the best we can
do is to insist that a mapping p which converts a Q-
capped epistemic state to a P-capped one should be a
surjective function from #(Q) to #(P) such that
(i) < p(j) whenever i < j.
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Much work remains to be done in this area. How far
can the connections between merging and social choice
theory really be taken? Are there other impossibility the-
orems that are of relevance to the merging community
and can a study of them be of use? What is the signifi-
cance of epistemic sources knowing which merging oper-
ations are to be used on their inputs? A rich body of
work has been done by the economics community in so-
cial aggregation operations and impossibility theorems;
the study of these operations promises to be of much va-
lue to the merging theorist. Similarly, the rich suite of
merging operations now being developed by merging

theorists could conceivably be of use to the social choice
theorist. The additional properties that we have sug-
gested here should, in our opinion, be considered part
of a canonical list of properties for merging operators.
Our work in this study can be seen as preparatory for
significant representation theorems to be proved. These
would establish a class of merging operators as being ra-
tional provided they satisfy the canonical list. For the
theory of autonomous agents in general, any explora-
tion with a field that studies the possibly competitive
nature of agents seeking to maximize their own interests
and preferences is of value. Hence, this connection with
social choice theory, is in our opinion, timely and
appropriate.
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Appendix A. Proofs

Proposition 2. Let A be a P-capped merging operation

satisfying (A0).

(1) If A is Q-bound for n then Q > P.

(2) If A satisfies (A1) and (A6), and Ji,j, € 9" (|E|)
s.t. @(v) # Pv), then A(E)(v) > min{®;(v)]i €
J(ED}

Proof. (1) Follows by considering any epistemic list £
such that, for some veV, ®(v)=P for every
i€ JH(|E)).

(2) (A0) ensures that A(E)(v) = min{®;(v)|ie€
J*(|E|)}. The strict inequality follows from (Al) and
(A6). O

Proposition 3. A\, Amint> Amin2 and Ay all satisfy (AO)—
(A6).

Proof. We first consider Ap,... (AO) follows by noting
that  Amax(E)(v) = max{®;(v)|i € F7(|E])}. (Al) is
immediate. For (A2), observe first that A, is P-
bound. Now, pick any p € .#(P). We have to show that
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Amax(E)(v) = p for some v € V and some E € &°. To do
so we let £ =[®] and ®(v) =p for every v € V. (A3) is
trivial. For (A4), suppose that &,(v) < ®(w) for all
i€ JT(|E]). Then it follows that max{®;(v)|ie
JH(E))} < max{®;(w)| i € #7(|E])}. That is, Apax(E)
(v) < Apax(E)(w). For (AS), suppose that A(E)(v) <
AE)w).  That is, max{®;(v)|ie S (|E])} <
max{®;(w)| i € #7(|E|)}. Suppose that j is such that
@; = max{®;(w)| i € #7(|E|)}. Then it also follows that
P(v) < @(w). For (A6), suppose that &;(v)=
@;(v) Vi, je IT(E]), P:(v) < ®;(w) Vi€ FH(|E]), and
@(v) < ®w) for some j € F(|E|). Then Amax((E)(v)=
®,;(v) Vi € #7(|E|). Furthermore, since there is some j
such that @(w)> ®(v), it has to be the case that
AE)(w) = P(w) > P(v) = A(E)(v).

Next we consider Ai,. (AO) follows by definition.
(A1) is immediate. For (A2) observe that A, is P-
bound. Now, pick any p € .#(P). We have to show that
Amin2(E)(v) = p for some v € V and some E € &7. To do
so we let E=[®] and ®(v) = p for every v € V. (A3) is
trivial. For (A4), suppose that &,(v) < &(w) for
all i € J7(|E]). If ®{v) = ®[v) for every i,j € S (|E|),
then Apin2(E)(v) = min{®;(v)| i € #7(|E|])} and then
AminZ(E)(U) < AminZ(E)(IV)- Otherwise AminZ(E) (U) =
min{®;(v)| i € #*(|E|)} + 1, and we need to consider
two subcases. Subcase a: if ®(w)= ®(w) for every
i,je S(|E|), then &{w) > ®fv) for every i,je
JH(|E|), from which it follows that Apin(E)(w) >
Amin2(E)(v). Subcase b: if ®(w) # @(w) for some i,/ €
JT(|E]), then Amin2(E)(w) > min{®;(v)| i € #(|E|)},
from which it follows that A;n(E)Y(W) = Apina(E)(v).
For (AS), suppose that A(E)min2(v) < A(E)min2(w) and
assume that ®(w) < @(v) for every ie S(|E|). If
@(w) = ®(w) for every i,j € #H(|E|) then it follows
immediately that Apin(E)(w) < Amin2(E)(v), contradict-
ing our supposition. So we consider the case where
D(w) # @(w) for some i,j € S (|E|). If @(v) = D(v)
for every i,j€ #*(|E|) then it has to be that
min{®;(w)| i € FT(|E|)} + 1 < min{®;(v)| i € F*(|E|)}
and therefore Apin2(E)(W) < Apina(v), contradicting our
supposition. On the other hand, if ®(v) # @(v) for
some i,j € #"(|E|), then follows immediately that
Anin2(E)(w) < Apin2(v), again contradicting our suppo-
sition. So, the assumption leads to a contradiction in all
case, from which it follows that @,(v) < @(w) for some
i € J7(|E|). For (A6), note that, under the conditions
imposed by this property, it follows that Api.(v) =
min{®;(v)| i € #7(|E|)} and Apin2(w) = min{®;(w)| i €
JHEN}+1, from which the result then follows
immediately.

Next we consider Anini. (AO) follows by definition.
(A1) is immediate. For (A2) observe that Ay, 18 (2 © P)-
bound. Now, pick any p € .#(2- P). We have to show
that Anmini(E)(v) = p for some v € V and some E € &°.
To do so we let E=[®] and ®(v) = p/2 for every v € V'if

p is even, and E=[®,P,], Di(v)=(p—1)/2, and
Dr(v) = (p + 1)/2 for every ve V, if p is odd. (A3) is
trivial. For (A4), suppose that &,(v) < & (w) for all
i € JT(E|). If @{v) = ®(v) for every i, j € #*(|E|), then
Amin1(E)(v) =2 - min{®;(v)| i € #*(|E])} and then
Amin1(E)(V) < Apini(E)(w).  Otherwise  Apin 1 (E)(v) = 2-
min{®;(v)| i € #7(|E|)} + 1, and we need to consider
two subcases. Subcase a: if @ (w)= @(w) for every
i,j€ JH(E[), then &[w) > @(v) for every i,je
JY(|E]), from which it follows that Api(E)(w) >
Amini(E)(v). Subcase b: if @(w)#®(w) for some
i,j€ SH(E]), then Apini(E)(w)> 2 -min{®;(v)|ie€
JH(E)}, from which it follows that Apini(E)(w) =
Amini(E)(v). For (A5), suppose that A(E)mini(v) <
A(E)min1 (w) and assume that @4(w) < &,(v) for every
i€ JT(E|). If @fw)=d(w) for every i,je F*(|E|)
then it follows immediately that A;ni1(E)(W) < Amin1(v),
contradicting our supposition. So we consider the case
where @ (w)#®(w) for some i,je s7(|E]). If
D(v) = D(v) for every i,j € " (|E|) then it has to
be that min{®;(w)| i€ FH(|E|)} + 1 <min{®;(v)| i €
JH(|E])} and therefore Apini(E)(w) < Amini(v), con-
tradicting our supposition. On the other hand, if
@(v) # D(v) for some i, j € S (|E|), then follows imme-
diately that A 1(E)(W) < Apini(v), again contradicting
our supposition. So, the assumption leads to a contra-
diction in all case, from which it follows that
@(v) < @(w) for some i € .#7(|E|). For (A6), note that,
under the conditions imposed by this property, it
follows that Apyini(v) = min{®;(v)| i € #7(|E|)} and
Amin1(w) < 2 - min{®;(w)| i € #7(|E|)} + 1, from which
the result then follows immediately.

Finally we consider As. (AO) follows by noting that
min{®;(v)| i € F(|E))} < X (g) @i(E)(v). (AD) is
immediate. For (A2), observe first that Ay is n - P-bound
for n. Now, pick any n>0 and any p € #(n-P). We
have to show that Ax(E)(v) = p for some v € V" and some
Ec &P To do so we let E=[®,,...,d,]. Now, let
d=|p/n] and let r=p—(d-p). That is, r is the
remainder when dividing p by n. We let @(v) =d for
i€ I (n—r)and @ v)=d+1fori>n—randi<n It
is a matter of arithmetic to verify that Ax(E)(v) = p. (A3)
is trivial. For (A4), suppose that ®(v) < ®(w) for all
i€ S([E). It follows immediately that 3., (g,
P;(E)(v) < Xies (g Pi(E)(w). We prove the contrapos-
itive of (AS5). Suppose that @(w)< ®(v) for all
i€ S(|E]). It follows immediately that >,z
Pi(E)(w) < Xies+(r) Pi(E)(v). For (A 6), suppose that
D,(v) = ®;(v) Vi,j € SH(E]), ®i(v) < Pi(w) Vie s"
(|El), and @(v) < ®(w) for some j € £ (|E|). It fol-
lows immediately that 3,z Pi(E)(v) < D ics(p)
O,(E)(w). O

Proposition 4. If a merging operation satisfies (A3) then it
will also satisfy (ND).
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Proof. Pick an n>1 and assume that for some
i€ I (n), ®v) < @(w) implies A(E)(v) < A(E)(w) for
every v,w € V, and for every E € & such that |E| =n.
Now, if i = 1, let F be the epistemic list obtained from E
by swapping around @; and @, in E, otherwise, let F be
the epistemic list obtained from E by swapping around
@, and &; in E. By (A3), A(E)=A(F). But this
constradicts our assumption. For if i=1 we can pick
E in such a way that @(v) < @;(w) and @,(w) < @,(v) for
some v,w € V, from which it follows by (ND) that
A(E)(v) < A(E)(w) and A(F)(w) < A(F)(v). The case

where i > 1 is similar. O

Proposition 5. If A satisfies (A) then it also satisfies
(Mon?) (and (Mon))).

Proof. For (MonT), suppose A satisfies (A4), let
®{(v) < PY{v), and let G=rep(E, {i},F)=[®,..., ¥,
.., ®,]. Observe that @(v) < P(v) for every je
JH(|E|) such that j#i, and that ®; < ¥, So, by (A4),
A(E)(v) < A(G)(v). The proof for (Mon]) is similar. [

Proposition 6. The equidistance relation defined on &
satisfies (E1)—(E3).

Proof. For (El), observe that that #(®,,®)=0 by
(Ref) and that if #(¥, ¥,) =0 then ¥, = ¥, by (Ref).
(E2) follows from (Sym). For (E3), observe that if
#((pl, (Dz) = #(T], le) and #(Cpl, ‘pz) = #(Tl,Tz) then
H(Py, @) =#(11,T2). U

Proposition 7. #™" and # ™ both satisfy (Ref), (Sym),
(UB), (SUB), (LB) and (SLB).

Proof. (Ref) and (Sym) are trivial. For the remaining
properties we first consider #™". (LB) and (SLB) follow
directly from the definition of #™". For (UB), suppose
|D(u) — P(u)| < |P(u) — T(u) for  every uelVv.
Then 3 .cp|®(v) — ¥(0)| < ey P(v) = T(v)] and
therefore it is the case that #™(®, ¥)<#™(®,7). For
(SUB), pick a W C V. Now suppose that |@(w) — ¥(w)|
<|®(w) — T(w)| for every we W and that ®(v)=
Y()=7(v) for every velV\W. Then > _,|®(w)—
P(w)| < > ,ew|@(w)— T(w)| and therefore it is the case
that #™(P, P)<#™" (D, 7).

Next we consider #™%*. (UB) and (SUB) follow
directly from the definition of #™**. For (LB), suppose
that #"%(@, V) < #7*(®, 7). That is, |@(w) — T(w)| <
|®(u) — Y(u)| for every wueV. Then } _,|®(v)—
P()] < > ,cr|®(v) = T(v)|. For (SLB), suppose that
#M (@ P) < #MN(@,T). That is, |B(w) — T(w)| <
|®(u) — Y (u)| for every ue V, and for some veV,
|P(w) — T (w)| < |®(u) — T(u)|. Then it is the case that
S er|0(0)= ¥()] < Yoo @(0) — T(0)|. O

Proposition 8. Let # be a distance measure satisfying
(UB) and (LB).

(1) If #7%(@, V) < #"(D,T) then #(P, V) <X #(D,7).
Q) If #(D, V) < #(D,T) then #™™(d, ¥) < #™(P,T).

Proof. (1) Suppose that #7%(®, V) < #7%(®,7). That
means that for every ue V, |®(w) — T(w)| < |®(u) —
Y'(u)|. By (UB) it then follows that #(®, V) < #(®P,7).

(2) Suppose #(P, V) < #(P,7). Then it follows that
S uer (o) — P(0)] < 3,0 |#(0) — T(1)] by (LB). And
this means that #™(®, ¥) < #™(@,7). O

Theorem 1. Consider any compatibility measure C satis-
fying (Ref), (Sym), (UB) and (LB).

(1) Anax satisfies (ISP) and (IAP).

(2) Amino satisfies (IAP) but does not satisfy (ISP).

Proof. (1) For (ISP), let E=[®y,...,®,], let F=[¥,
..., ¥,] and let G = rep(E, {i}, F) for some i € .47 (n). If
we can show that for every veV, |Ana(E)v)—
®,(v)| < |Amax(G)(v) — ®(v)|, then the result follows
from (UB). So pick a v € V. If Apax(G)(v) = Amax(E)(®)
then, since @;(v) < Amax(E)(v), we have that
Amax(E)®) = @0)] < [Amax(G)(v) — B,v)]. On the other
hand, if AL (G)(v) < Apax(E)(v), it must have been the
case that @4(v) = A.«(E)(v), and so it follows that
|Amax(E)(U) - (D,(U)| N |Amax(G)(U) - ¢I(D)|

For (IAP), let E=[®,...,®,] and let G = rem(E, {i})
for some i € {1, ...,n}. If we can show that for every
veV, |Amax(E)(U) - @i(v)| < |Amax(®(v) - (pi(l))|, then
the result follows from (UB). So pick a v € V. Observe
that it has to be the case that A, (G)(v) < Apax(E)(®). If
Amax(G)(U) = Amax(E)(D) then ‘Amax(E)(U) - ¢i(v)| =
|Amax(G)(v) — @(v)| and we are done. On the other
hand, if A, (G)(v) < Anax(E)(v), it must have been the
case that (pi(v) = Amax(E)(v)a and so ‘Amax(E)(U) - @i(v)l
< |Amax(®(v) - ¢i(v)|'

(2) For (ISP), let E =[®,D,], F=[¥1,¥,], $1(v) =1
for every v € V, &,(v) = 2, for every v € V, ¥(v) = 0 for
every v € V, and G = rep(E,{1}, F). That is, to obtain G
from E, @, is replaced by V. It is easily verifiable that
Amnin2(G)C o, Amin2(E), and so (ISP) is not satisfied. For
(IAP), let E=[®y, ...,®,], and G = rem(FE, {i}) for some
i € 7 (n). We need to show that |Apin(E)(v) — ®4v)| <
|Amin2(G)(v) — @Av)|. So pick a v € V. If @(v) = @(v) for
every i,j € 47 (n), then Apnina(E)(0) = Amina(G)(v) and so
the result follows immediately. So we suppose that this is
not the case and consider three cases. For the first case,
if Apina(G)(v) = Apino(E)(v), the result follows immedi-
ately. For the second case, suppose that A;n(G)(v) >
Amin2(E)(v). Then, by the definition of A,,;,», it has to be
the case that @,(v) = min{®,(v)|1 <j < n}, which means
that @,(v) < Amin2(E)(v), from which the result follows.
And for the third case, suppose that Anin(G)(v) <
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Amin2(E)(v). Then it has to be the case that @(v) >
Amino(E)(v), from which the result follows immedi-
ately. O

Theorem 2. Consider the compatibility measure T,

(1)  Anax satisfies (SP) and therefore also (CP), (AP) and
(ICP).

(2) Anin satisfies (AP). It does not satisfy (ICP), and
therefore satisfies neither (CP) or (SP).

Proof. (1) Let E=[®y,...,d,], let F=[¥,...,¥,]
and let G=rr(E, #,F, %) for some ., ¢, A C{l,
...,n} such that #" =0\ _¢. Assume that
Amax(G) Co™ Amax(E) for every i€ . and that
Amax (G) :g;jx Amax(E) for some je.#. That is,
|Amax(G)(U) - ¢I(U)‘ < |AmaX(E)(U) - Qz(v)l Vv € V)
Vie s and |Apnax(G)(W) — @f(w)| < |Amax(E)(w) — @A)
for some we V and some j € . Observe first that,
because [Ama(G)0r) — B0)] < Amax(EXW) — @), it
has to be the case that A, (G)(W) < Anax(E)(w). But
there is some k€ .# such that A, (E)(w)= ®r(w),
which means that |A.(G)(w) — @(W)| > |[Apax(E)(w) —
&, (w)|. It has to be the case that k€ .4 since
Anax(G)(W) < Apax(E)(w). But this contradicts the sup-
position that|Amax(G)(©) — B0)] < |Amax(E)©) — B,0)
Yve V,Vie S,

(2) For (ICP), consider the counterexample in The-
orem 1 which shows that A.,;,» does not satisfy (ISP).
For (AP), let E=[®y,...,®,] and let G = rem(E, #) for
some .# C .7 (n). Assume that Anin2(G) E5* Apin2(E)
for every i € # and that Apino(G) [gj"‘ Amin2(E) for
somej € 4. That iS, |Amin2(G)(U) - @,(U)‘ < |Amin2(E) (U) -
P(v) VYveV Vies and [Anina(G)(w)— @(w)| <
| Amin2( E)(w) — @(w)| for some w € V" and some j € .7.
Observe first that this means that @(w)# Anina(E)(W).
Now we consider the remaining two cases. For the first
case, suppose that @(w) = Apino(E)(w) — 1. Then it has
to be the case that @(w) = Ayina(G)(w) and that there is
some k € .# such that & (w) = Anin(E)(w). But this
means  that  [Apin(E)(W) — @x(W)| < [Apin2( G)(w) —
&, (w)|, contradicting the supposition that|A,in(G)(v) —
@ (v)] < |[Amin2 E)v) — ®(v)| Yo eV, Vie #. For the
remaining case, suppose that @,(w) > Apin2(E)(w). Then
it has to be the case that A, »(G)(W) > Apina(E)(W).
Now, by definition of A, there is a k € .# such that
D (W) < Apin2(E)(w). And from this it follows that
|Amin2(E)(W) - djk(w)| < |Amin2(G)(W) - (pk(w)|9 again
contradicting the supposition that |Ayin(G)(v) —
P(v)| < [Amin2(E)(v) — @v)| Vve V,Vie . [
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